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Abstract

The third section of an anticipated four paper series distinguishes two
different forms of genetic interactions. The first paper of our discussion on
genetic interactions described interactions arising from correlation between
genotypic and/or environmental states. In this, the second paper, we
describe interactions arising from non-additivity between uncorrelated
factors (epistasis). We also discuss in detail the concept of "missing
heritability.” While this phrase is sometimes used to mean what might
more precisely be called "still unidentified heritable factors," this phrase also
describes the observation that heritability when studied in close relatives
almost always produces estimates significantly larger than when studied in
distant relatives. While still unidentified heritable factors can be discovered
via whole genome sequencing in ever increasing sample sizes, differing
estimates of heritability from close versus distant relatives implies the
existence of some form of interaction. Several types of interaction could
explain this phenomenon. We conclude by focusing on a particular form
of interaction that has been widely ignored, interactions caused by non-
additivity arising from the cis-regulation of gene expression. By exploring
varying patterns of two-locus haplotypic effects, we show that the existence
of two or more variants each influencing the expression of the same gene can
give rise to substantial non-additive interactions, and that those interactions
can be particularly large when the variants are rare. Additive-by-additive
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genetic interactions induced by gene regulation have the potential to fully
explain the observation of missing heritability.

Keywords: quantitative genetics; human disease; genetic interactions;
missing heritability; gene regulation

1. Introduction

The phenomenon known as “missing heritability" is most simply described as
estimates of heritability differ between differing techniques used to make the
estimate, where estimates from close relatives are almost uniformly larger than any
other technique used to make that estimate. We will argue that this pattern is an
indication that some form of interaction must exist, and we pay particular attention
to higher-order additive-by-additive interactions caused by non-additivity between
variants involved in the regulation of the same gene’s expression.

In general, non-additivity means that the average phenotype given a combination of
alleles at two or more different loci is not the sum of the average phenotypes given
each allele individually. Genetic risk for complex traits will often act via proximate
changes in gene expression, structure, or function (i.e., genetically regulated gene
expression or protein sequence), and complex trait-associated SNPs are significantly
more likely to be expression quantitative trait loci than minor allele frequency-
matched SNPs [1-3]. Multiple genetic variants located in regulatory elements such
as enhancers and transcription factor binding sites (e.g., eQTLs) can act in concert to
modulate the transcriptional activities of target genes that are nearby in a process
known as cis-regulation [4]. We demonstrate that it is the cis-regulation of gene
expression by multiple loci that naturally induces higher-order additive-by-additive
interactions, which could contribute a substantial fraction of the "missing heritability”
of complex traits.

To a significant extent, higher-order interactions have been widely ignored in genetic
studies as it has not been clear under what circumstances (what models) we should
expect higher-order interactions to exist. We describe models of cis-gene regulation
that predict the existence of higher-order interactions and develop analytical bounds
for the possible size of those interactions as a function of single-site properties
(allele frequencies and additive/main effects). We explore several relationships
among two-locus haplotypic effects representing cis-regulatory network patterns
that include loss of function alleles, general gene regulation models where loci
can act as enhancers or repressors, and regulatory mechanisms at the level of
topologically associating domains (TADs) in the context of linkage disequilibrium
and without LD. For these models, we derive the maximum possible higher-order
additive-by-additive interaction variance and demonstrate that additive-by-additive
interaction variance has the potential to be largest when the minor alleles at
the loci are rare. Our aim is to provide a coherent explanation of one of the
most basic questions in human genetics today: "Why do modern SNP-based
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estimators of heritability suggest that additive variance is much lower than familial
studies predict?”

2. Materials and Methods

We begin with a reminder [5] of our Kempthorne [6] inspired definition of "effect.”
The effect of being in any particular state of some factor, or any collection of states,
is defined to be the average phenotype of individuals who are in that state or
collection of states. The effect of an A, allele is the average phenotype of individuals
who possess the A; allele. The effect of the combination of the A, allele and
environmental state e; is the average phenotype of individuals who have the
combination of the A, allele along with environmental state ¢;. An interaction
is said to exist whenever the effect of a combination of states is not equal to the sum
of the individual state effects. It is helpful to distinguish two forms of interaction.
Interactions can arise from correlation in the state of two factors, i.e., the chance of
having allele A; might be correlated with the chance of being in environmental state
e1 - these were discussed in the previous paper in this series [7]. Alternatively, the
state of factors might be independent, but the effect of two or more factor states is
different from the sum of the individual state effects: the independent factors are
"non-additive" - these are the interactions discussed in this paper. Interaction due
to non-additivity of independent states is often called epistasis, but this term is far
from consistently applied or used. Although asserted several times previously, here
we show for the first time that non-additivity of independent factors only increases
total variance.

In attempt to be as general as possible, imagine two factors, call them X and Y, that
contribute to phenotype. These factors might be genetic or environmental with a
discrete or continuous number of different states that they can attain. Let x and y
be possible states of X and Y. Let &x—_, be the effect of factor X being in state x, and
y—y be the effect of factor Y being in state y. Let kx_y, be the combined effect of X
being in state x and Y being in state k. Let Jx, v, be the deviation from additivity of
these two factors. Finally assume the states of X and Y are independent, meaning
Pr[X = x|Y = y] = Pr[X = x], and vice versa. Call the phenotype in question P, and
recall that P has been normalized so that its mean is 0.

{x=x = E[P|X=x] ™)
ly=y = E[P[Y =yl 2)
kx.y, = E[P|X=xY=y] 3)
0%y, = Kx.v, — (Ex=x t Cy=y). )
KXY, = OCx=x+8y=y+dx,y, )

Associate with these effects random variables zx, zy, kx y, and dx y = kxy — (zx +
zy) whose values are determined by the effects of being in the states of X and Y.
Thus, if factor X is in state x and factor Y is in state y, then zx = {x—y, zy = Gy=y,
kx,y = Kx,,v, anddxy = 0x,,y,- Given the law of total expectation (for any random
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variables X and Y, E[X] = E[E[X]|Y]]), all of these random variables have mean 0
because P has mean 0.

E[zx] = E[E[P|X]] =E[P]=0. (6)
E[zy] = E[E[P|Y]]=E[P]=0. (7)
Elkxy] = E[E[P|X, Y]] =E[P] =0. (8)
Eldxy] = Elkxy—(zx +2zy)] =0. 9)

The key insight is that when the states of X and Y are independent, dx y is orthogonal
to both zx and zy, and therefore the total variance (Var[kx y|) will be the sum of the
individual variance components (Var[ky y] = Var|zx] + Var[zy] + Var[dx y]). To see

this explicitly,
Varlkxy] = E[(kxy)’] (10)
= E(zx +2zy +dx,y)’] (11)
= EB[z&] +E[z] + E[dx,y] (12)
+ 2(E[zxzy] + E[zxdx,y] + E[zxdx,y]) (13)
= Var(zx] + Var|zy| + Var[dy y], (14)

because of the independence of X and Y. To better understand why this is, note

that
E[zxzy] = E[zx]E[zy] =0. (15)
Elzxdxy] = Elzx(kxy — (zx +zv))] (16)
= Elzxkxy] — E[z%] — Elzxzy] (17)
= E[E[P|X]E[P|X, Y]] - E[2%] (18)
= E[z%] —E[zx] =0. (19)
Elzydxy] = 0. (20)

Because X and Y are independent, we have swapped the orders of integration
to remove Y from E[zxkxy] and X from E[zykx y]. Altogether this establishes
the "simple” intuition that all quantitative geneticists have and which is taught
to students. When the states of factors are independent, any interaction (non-
additivity) causes an increase in total variance, and that variance is quantified by
Var[dx y|, which is the average squared deviation ((Sgw) from additivity of these two
factors X and Y.

2.1 Non-additive interactions between factors with uncorrelated states causes
variance differences within the states of a factor

Focus now on factor X which can take on multiple states, x. Assume that the states
of X are uncorrelated with the state of any other factor. Any non-additive interaction
involving X causes differing variance in phenotype between the states of X. In
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general, if there are f other factors Y, 1 < k < f which interact non-additively with
factor X, and y; is a possible state for factor Yy, then

E[PIX =x] = &y 21)
EPIYe =yl = Cvi—y (22)
Ox=xYi—y, = E[PIX=2xY=w]— (Cx=x+ Sv,—y)- (23)
Ox=xYe=yYi=y; = E[PIX=xY=ykY;=y| (24)

- (‘:X:x + éyk:}/k + CYj:y]
+ Ox=x Y=y + Ox=xYj=y; T 5Yk:]/kryj:]/j)'

Var[Var[P|X]] = ZVar dXY |X] (25)

where the continuing sums are for all the higher order deviations from additivity.
Intuitively, this is telling us that when residual variance in phenotype differs between
differing states of the same factor, then there exists interactions involving that
factor. When states of factors are uncorrelated with anything else, if there is
significant variation in the variance in the phenotype given the states, then this
factor must interact with at least one other thing. The variance in variance in
phenotype is the sum of the variances of the average squared deviations from
additivity between this factor and its interacting partners. In this manner, it is
possible to test for "latent” interactions by testing for differences in the residual
phenotypic variance between states of a factor (see Figure 1). If the states of a
factor differ in their residual phenotypic variance then that factor interacts with
something. Its interacting partner may be unidentified (i.e., latent), but such a
partner(s) must exist. Therefore SNPs involved in non-additive interactions can
be directly discovered by examining the variance in residual phenotypic variance
given the genotype. Variance-based testing procedures, which do not require the
interacting variable(s) to be identified, prioritize genetic variants associated with
the variance of the phenotype (vQTLs) by detecting unequal residual phenotypic
variance among genotype categories at a specific SNP (i.e., heteroskedasticity) [8-
10]. Genome-wide screening procedures that identify a reduced set of variants
with potential interaction effects can circumvent some of the challenges inherent in
attempting to find interactions among tens of millions of factors [11].

In the deviation regression model (DRM) [10], vQTLs are identified by a linear
regression performed between individuals’ numeric minor allele count at each
SNP (the independent variable) and the absolute difference between an individual's
phenotypic value and the population phenotype medians within each genotype
(the dependent variable) after covariate adjustment. The effect size and p-value
for the minor allele count in the regression are used as proxies for the variance
effect size and significance of association with phenotypic variance. These vQTLs



Human Population Genetics and Genomics, 2025;5(4):0009 Page 6 of 40

are then screened for potentially strong interactions associated with the same
phenotype by applying distinct linear models for each vQTL-interacting partner
(e.g., environmental factor) pair containing a single interaction term [10].
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Figure 1 Differing residual phenotypic variance between genotypic states due to an
interacting variable. On the x-axis are the states of a factor (e.g., factor X), in this case
genotypes at a locus. A and B are the states of another factor (e.g., factor Y).

In addition to heteroskedasticity, latent genetic interactions also induce a differential
covariance pattern between traits known as a covariance QTL (covQTL) or correlation
QTL. Latent Interaction Testing (LIT) [8] tests for loci with latent interaction effects
by assessing whether the individual-specific trait variances and covariances differ
by genotype, harnessing differential covariance patterns between traits to increase
power. Similar to variance-based testing procedures, the interacting partner does
not need to be specified and can represent any type of factor (i.e., genotype at
another locus, age, sex, environmental variable). LIT tests the null hypothesis of no
latent interaction by comparing the genotypes to the individual-specific variance
and covariance estimates for the trait residuals (after regressing out additive genetic
effects, measured covariance, and principal components to adjust for population
structure) [8]. The test statistic employed by LIT measures the overlap between the
adjusted genotype matrix and a matrix of the squared trait residuals (individual-
specific trait variances) and cross products of the residuals (individual-specific trait
covariances) through a kernel-based distance covariance framework.

POIROT (Parent-of-Origin Inference using Robust Omnibus Test) [9] tests for
parent-of-origin effects (POE, effect of an allele on a trait depends on whether it was
transmitted from the mother or the father) in genetic studies of unrelated individuals
that consider multiple quantitative phenotypes. The authors demonstrate that a
pleiotropic POE variant induces differences in the variance of POE traits between
heterozygotes and homozygotes as well as in their corresponding covariances.
POIROT tests for equality of phenotypic covariance matrices between heterozygous
and homozygous groups, with a post hoc test that distinguishes variants with POE
effects from variants demonstrating more general gene-gene/gene-environment
effects (which also induce patterns of trait variance/covariance that differ by
genotype) [9]. The variance of each homozygous group is the same after phenotype
centering for a POE, in contrast to a general interaction effect in which trait
variance/covariances differ between the two homozygous groups. Thus, the post
hoc test assesses the null hypothesis of trait variance/covariances are the same
between the two homozygous groups.
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One potential form of non-additivity is dominance within a locus, and dominance
linkage disequilibrium score regression (d-LDSC) extends LDSC to incorporate
within-locus non-additive effects on a site-by-site basis, using a unique recoding of
allele counts that allows testing for a dominance deviation directly as the “dominance
encoding” [12]. Under Hardy-Weinberg equilibrium (HWE), the standardized
dominance encoding maps allele counts from [0, 1, 2] to [—g/(1—¢). 1, —=(1 —q) /4]
for each variant, where g is the minor allele frequency of the variant. This encoding
imposes orthogonality on the additive and dominance components of genetic
variance, thus the association test can be run in parallel rather than jointly. To
estimate SNP-based dominance heritability, the d-LDSC model regresses the x?
statistics of dominance GWASs on dominance LD scores [12].

2.2 Missing heritability

The term missing heritability is used in multiple related ways. Sometimes the term
is used to describe the fact that the sum of the estimated variances explained by all
SNPs individually does not approach estimates of V, (e.g., total additive variance
estimated by a linear mixed model or in family-based studies). Essentially, the
variance explained by a polygenic risk score (PRS) is generally only a fraction of
the estimated total additive variance. At other times the term is used to reflect
the fact that heritability estimated from nearly "unrelated” individuals via LD-score
regression or a linear mixed model is usually substantially less than heritability
estimated from the resemblance between close relatives. Failure of PRSs to fully
account for V4 is easily explained by insufficient power, but differences between
estimates of heritability in close versus distant relatives is almost surely strong
evidence for the existence of some substantial form of interaction.

2.2.1 Identified variants via statistical association with phenotype generally explain only
a fraction of the genetic basis

PRSs broadly attempt to provide a quantitative measure of an individual's total
genetic risk burden of disease over all susceptibility variants identified by genome-
wide association studies [13]. PRSs are most commonly calculated as a weighted
sum of the number of risk alleles carried by an individual, with risk alleles and their
weights defined by the associated loci and their measured effect sizes from GWAS -
see the second paper in this series for a more detailed discussion of the calculation
and interpretation of PRSs [14]. The total variance explained by the PRS, Vpgs is
given by

Vprs = Y_2poduf, (26)

[

where the sum is taken over all sites included in the estimate v, p, and g, are the
allele frequencies, and B, is the LD-independent effect (on the liability scale for
a dichotomous trait) of substituting the rare allele for the common one at locus
v. Vpgs is generally vastly smaller than the total estimated additive variance, Vy .
For instance, recent twin studies have estimated the heritability of Alzheimer’s
disease to be 71% [15]. In contrast, a PRS based on loci reported by a large GWAS
explained 19% of the variation in Alzheimer’s disease on the liability scale [16].
Twin studies have estimated the heritability of schizophrenia to be as high as 79%
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[17]. A PRS explained only 9.2% of the phenotypic variation in schizophrenia on the
liability scale [18]. Twin studies have found that heritable influences account for
46% of the variance in post-traumatic stress disorder [19]. PRS based on a GWAS
meta-analysis of PTSD with over 1.2 million participants explained 6.6% of the
variation in PTSD [20]. The heritability of many disorders and diseases as estimated
by family-based studies is high, but only a small part of it has so far been explained
by identified variants.

Thus, if "missing heritability” is defined in this relatively narrow way, the likely
answer is that it is only missing for technical reasons related to study design and
insufficient statistical power. In other words, at current sample sizes, studies are not
only underpowered to detect most of the SNPs contributing to the trait, they are
also often underpowered to accurately estimate the effects at those SNPs that are
correctly detected. However, for many traits, significant fractions of family-based
estimates of heritability still remain unexplained even as sample sizes pass beyond
the millions. Visscher et al. (2006) estimated the heritability of height to be 80% from
empirical genome-wide identity-by-descent sharing (the observed proportion of
the genome that two relatives share IBD estimated from DNA markers) in a sample
of 3,375 full-sibling pairs [21]. The most recent GWAS meta-analysis of height from
the the Genetic Investigation of ANthropometric Traits (GIANT) Consortium was
conducted in a sample of 5.4 million individuals and identified 12,111 significantly
associated SNPs [22]. A polygenic score based on these genome-wide significant
SNPs explained 40% of the variance in height - only half of the heritability from
family-based studies, even with such a vast sample size [22]. Thus, it remains
plausible that the additive contributions of individual loci estimated from GWAS
alone will never explain all of the familial resemblance for many traits, even if
hundreds of thousands of loci are considered [23].

Despite this, if we view "missing heritability" in this narrow sense, it is still likely
even a study such as this one conducted by the GIANT Consortium [22] was
still underpowered. For instance, if a trait with 50% heritability (V4 = 0.5) were
contributed to by 200,000 SNPs each explaining an equal fraction of the variance
(equal 2p,g,B2), then a study with 1.5 million participants would only have 50%
power to conclude that B, # 0 with p < 0.05 confidence. So, if a GWAS consisted
of ~ 2 million "independent” SNPs, and all SNPs found to have p < 0.05 were
included in the PRS, one would expect the PRS to be composed of roughly 100,000
false positive SNPs with their estimated effects being nothing but random noise,
together with half (100, 000) the true effect SNPs, but with their 8's being less than
precisely estimated because of the relatively low power. To a first approximation
we would imagine Vprs < V4 /2 in this scenario. If more SNPs are contributing
effects, Vprs will be even worse. Nevertheless, if this were the only issue, it could be
solved by increasing sample sizes, so that the true effect SNPs would be expected to
achieve much small p-values and have their B's be better estimated. Once sample
sizes were so large that a threshold p-value could be set that would include very
few null SNPs, while including nearly all the true effect ones, we might expect Vpgs
to begin to approach V4.
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The solution of increasing sample sizes will only work, even in principle, when
combined with whole genome sequencing (WGS). If only common sites are included
in the analysis, but actual effect SNPs are not included because they have minor
allele frequencies smaller than any typed SNP, Vprs will always be smaller than
V4. In the second paper in this series [14], we demonstrated how genotyping the
"wrong" variant (rather than the "real" causal variant itis in LD with) biases effect size
estimates and the variance explained by polygenic risk scores. Call B, the estimated
effect at site v and B, the "true” effect at site w. Assume these sites are in LD, i.e.,
Dyw # 0 and g, > qu, and therefore p, < py. If site v is typed and it has no real
effect, then

v = ——puw 27
B pquﬁ (27)
< Pivg (28)

Polo
_ fwbo g (29)

qv

B 2

2pugofy < ZPUL]v(qul;vz(]) (30)
= 2l p 31)
< 2fvpp (32)

w
= 2pwiwpl. (33)

We thus arrive at the conclusion that if untyped rare sites are contributing to
phenotype and a PRS includes only common markers, then the PRS will necessarily
explain less than the total additive variance.

If there are multiple untyped rare sites all linked to the same common marker, this
phenomena could be dramatically worse. In the above, we ignored the sign of
Dy,». More precisely —g.qu < D < poqw, and we presented the "positive” side of
the inequality. Since p, > g4, this is the "better” scenario, i.e., the scenario where
the variance explained by site v is closer to that explained by w. If the signs are
reversed, the problem is worse. If there are multiple sites in LD with v, the situation
can be arbitrarily bad if the sign of D varies. If there are sites wy that are all rare
and in LD with typed site v and the sign of Dy, varies then

Ju o, 9u; B

Do, >0 10 Dy, <0 P?

Bo (34)

which can be arbitrarily close to zero. In theory it is possible for there to be no
common site with a detectable effect in a region when all the contributing sites
are rare and the sign of LD is changing back and forth. In practice, this doomsday
scenario can be partially mitigated by a sufficiently deep set of common markers.
Any rare site in LD with a common site is likely to be in LD with many common sites
so that each common site may be affected by slightly differing combinations of
rare sites. While switching signs may cause the effects to "cancel” at some common
site, it seems unrealistic for this to happen at all sites in a region where each site
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is being influenced by slightly differing combinations of rare neighbors. That Vpgs
will be at least slightly less than V4 seems completely inevitable, though. We thus
conclude that the variance explained by a PRS will be less than the total additive
variance unless all the sites were typed (WGS), and even with WGS, exceptionally
large sample sizes will be required if the number of contributing sites is large.

2.2.2 LD score-based approaches

Several approaches have been developed that utilize genome-wide variation
instead of only statistically significant variation to examine heritability of complex
traits [24-27]. LD-score regression (LDSC) can be thought of as an attempt to solve
the problem of underestimating additive effects at common sites when the "real"
causative sites are rare [24], and studies underpowered. SNPs in LD blocks with
causal SNPs have high x? test statistics, and more LD yields higher x*'s on average.
In a GWAS, the deviation of observed x? test statistic for a SNP from its expected
value under the null hypothesis of no association is a function of LD between the
target SNP and underlying causal variants. Therefore, in LDSC, the slope from
regression of the observed x? test statistic (from GWAS) on SNPs’ LD scores (from
reference data) is used to estimate the additive genetic variance attributable to
the causal variants in LD with common SNPs present in GWAS summary statistics
(summary results of GWAS, estimated SNP effects and their standard errors for
hundreds of thousands of SNPs analyzed in a study). This approach requires only
summary-level data from GWAS because LD scores can be estimated in a reference
population, for example, HapMap 3 SNPs in the 1000 Genomes Project [28].

Under a polygenic model, in which effect sizes for variants are drawn independently
from a distribution with variance proportional to 1/pg (where g is the minor allele
frequency), the expected x? statistic of SNP v is

Nh2
E[x5|lo] = <Mg>l +Na+1, (35)
where N is the sample size and M is the number of SNPs, such that (hg/M) is the
average heritability explained per SNP. [, = ¥, r2,, is the LD score of variant v, which
measures the amount of genetic variation tagged by v and is the sum of LD 72 values
between variant v and all SNPs within the window used to calculate the LD score.
a measures the contributions of confounding biases such as cryptic relatedness
and population stratification. Regression of the observed x? test statistic against LD
scores, E[x?|ls] = by + byl, can detect inflation due to confounding factors (by > 1
represents confounding bias) but also estimate h§ as byN/M, where h§ is the total
additive variance explained by all the SNPs in the local regions of the regression
(i.e., the windows included in the LD score).

At some level of understanding, we can view LDSC as a way of averaging effects over
a region. Recalling that for a randomly picked site v with no effect on phenotype,
but that is in LD with other sites w which do contribute,
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_ Dv,w,Bw 36
Bo ;T% : (36)
_ Dv,w,Bw
E[B,] E[;—pqu ] (37)
Dvw
~ w =, 38
E[B };MU (38)
D 2
2]~ w 2 —= 39
E[B3] (E[Bw)) (; pqu) (39)
~ (E[Bu])*Y 1o (40)
= (E[Bu])’Ls. (41)

In this context we see the average effect squared (8?) of a randomly picked SNP is
approximately the average effect squared of SNPs contributing to the phenotype,
multiplied by the > measure of LD between them. At this level we can view LDSC
as an approximation of the average effect of neighboring SNPs in a region. On a
deeper level, we can view LDSC with the understanding that the covariance in allelic
state is simultaneously a measure of LD and a measure of the relatedness among
those individuals [7]. Keeping that insight at the forefront of our imagination, it now
seems natural that the "average” LD in a region is a direct measure of the average
relatedness of the individuals used to estimate the LD. One could therefore calculate
the average LD in a region, use that as an estimate of the average relatedness in an
association study, and obtain a direct estimate of the additive variance contributed
by a region. To understand this more precisely, we will now take a closer look at
the LD score of variant v, I, [24]. LDSC models phenotypes as generated from the
equation

P=WB+¢, (42)

where Pisan N x 1 vector of quantitative phenotypic values with N being the sample
size. Wis an N x M matrix of genotypes normalized to mean zero and variance one
and g is an M x 1 vector of genetic effects, where M is the number of genotyped
SNPs considered. Entries in W are of the form W;, = (So, — 290)/1/20(1 — qo),
where g, is the minor allele frequency for SNP v and S,, is the number of minor
alleles for individual i at site v. € is an N x 1 vector of residual/environmental effects.
In the previous paper of this series covering interactions due to correlations in
allelic state [7], we demonstrated that relatedness for any pair of individuals can be
estimated directly from genotypes as the covariance in genotypic state at a locus
divided by 2pg summed over all genotyped loci included in the estimate. Consider
R = WWT/M, an N x N matrix. An element of R;; of this matrix is equal to

So; — 2‘70)(50j —24qy)
2puqv

1 (
Rij =4 % , (43)
an estimate of the relatedness of individuals i and j over the M SNPs considered,
with S, as the allelic dose (the minor allele count at locus v for individual i). Thus, we
view WWT /M as a matrix that describes the relatedness of the individuals under
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study, where that relatedness is estimated from the M SNPs in the region. On the
other hand, consider LD = WTW/N. LD is an M x M matrix whose individual
elements are

2 2
LDy = —Z 7o) (S, — 29w) (44)

v/ 2P0902Pwqw

This is an estimate of the correlation in genotypic state between locus v and w,
where the estimate is taken over the N individuals under study. Thus LD, is an
estimate of the "usual” LD measure r. Under the model considered in LDSC, the
standard least squares estimator of f is

B = (WIw) 'wTp (45)
= NLD WTp. (46)

A standard test for association for SNP v is a x? test with one degree of freedom,

EX3] = 1+2pugofs. (47)
. 1 (K
B ~ (3T ovwhm) 48)
K2
= NZWTRWU (49)
wiwwlw, = ZLDW (50)

We thus arrive at the fundamental intuition of LD-score regression. The test statistic
at each SNP can be written as function of the relatedness of the individuals involved
in the study, R, averaged over SNPs in the region. It can also be written as function
of LD among those SNPs (LD) averaged over individuals in the study. If one were to
replace the LD observed in the study with LD observed among other individuals, it
is very much a replacement of the relatedness of individuals under study with the
relatedness among the individuals used to estimate the LD. We therefore imagine
that LD-score regression will provide a robust estimate of the additive variance in
phenotype in the regions tested whenever the LD among the study participants
is sufficiently similar to the LD among the individuals used to create the LD score
statistic. In the simplest expression of this intuition, we have replaced the observed
relatedness of individuals under study with the average relatedness of random
individuals drawn from the population.

2.2.3 GREML-based approaches

While LDSC utilizes summary-level data and regression, genome-based restricted
maximum likelihood estimation (GREML) estimates genetic variance using individual-
level genome-wide datain a linear mixed model framework. One of the most popular
software packages for estimating SNP-heritability using genome-wide data from
unrelated individuals is Genome-wide Complex Trait Analysis (GCTA), which uses a
GREML method [25,26]. The fundamental idea behind such approaches developed
for individual-level genome-wide data is to estimate the realized genetic relationship
among individuals by using genome-wide variants, and then use this relationship
matrix to estimate the additive genetic variance.
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In contrast to single-SNP association analysis, GCTA fits the effects of all genotyped
SNPs as random effects via a linear mixed model. In this design, phenotype P can
be represented in equation form

P=XE+WB+E, (51)

where P is an N x 1 vector of phenotypic values with N being the sample size. &
is an m x 1 vector of fixed effects such as sex, age, sex-by-age interaction, clinic,
and eigenvectors from principal component analysis (PCA) to address problems
associated with data structure. m is the total number of covariates and X is ¢'s
design matrix with dimension N x m. f is the vector of random genetic effects with
Bs ~ ¢(0,02) for SNP v and € is the vector of residual effects with e ~ ¢(0,152),
where I is an n x n identity matrix, where n is the number of genotyped SNPs. Wis a
standardized genotype matrix (scaled genotypic values from unrelated individuals)
with the vith element w,; = (Sy, — 245)/1/29-(1 — 45), Where g, is the minor allele
frequency for SNP v and S,, is the allelic dose. This model can be rewritten as

P = XF+g+e (52)
Var[P] = V =Ro; +17Z, (53)

where § = WA is an n x 1 vector of additive genetic values of phenotype P with
g~ N(0, Rag). R = WWT /N is an estimate of the relatedness among the individuals
taken over the included SNPs (see equation 44). Thus, the phenotypic variance of P
can be decomposed into the variance attributable to additive effects (033) and residual
effects (¢2), so the total additive variance (T; can be estimated using the genetic
relatedness matrix (GRM) calculated at the genotyped SNPs. This estimator of
relatedness is often referred to as the "realized" relatedness, though a more straight-
forward description might be that its entries are an estimate of the coefficient of
relatedness, r, taken from the SNPs that are used to construct it. Thus, when the
SNPs are common SNPs sampled from throughout the genome, this matrix is
an estimate of r averaged across common SNPs in the genome. If the matrix is
constructed from rare SNPs, or SNPs in some functional subset of the genome, it is
an estimate of relatedness constructed from that class of SNPs. It is possible that
any sufficiently large class of SNPs would give the same estimate of relatedness. Itis
also possible that if some class of SNPs contributed disproportionately to phenotype,
relatedness at those SNPs might be less well estimated from a different class.

While R is usually constructed from genotypes at common markers, it is nonetheless
an estimate of the average relatedness between every pair of individuals, where
that average is taken over the SNPs used to construct it. This estimate is often taken
at over ~ 500,000 loci around the genome (the number of common SNPs typically
on commercial genotyping arrays) and thus should be viewed as an extremely
precise estimate of identity-by-descent (IBD) sharing between individuals i and ;.
This estimate is not everywhere in the genome, but it is on average every ~ 6,000
bases across the 22 autosomes. On average, common variants tend to be in high
LD with loci within 10,000 bases and rare variants may have high LD over hundreds
of kilobases - in essence, 6,000 bases is much smaller than the distance over which
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LD extends. While there may be areas of poor coverage where IBD sharing might
be greater or less than the estimate of average relatedness, and some imprecision
atregions of increased or decreased allele sharing might matter, in general it seems
likely that this will be a highly precise estimate of relatedness, r.

A commonly noted limitation of the GCTA approach is that it relies heavily on
LD between assayed and causal variants [29]. This criticism states that genetic
relatedness between a pair of individuals based on genotyped variants may not
reflect genetic relatedness based on ungenotyped causal variants. If ungenotyped
causal variants are in strong LD as compared to genotyped variants, as is the case
when causal variants are rare, then heritability estimated using genotyped variants
will be underestimated. There is some theoretical underpinning for the belief that
at least a small fraction of the “missing heritability” in for complex traits could be
due the effects of such rare alleles.

Yang et al. (2015) start with whole genome sequencing data in 3,642 unrelated
individuals. They then simulate a complex trait with 80% heritability by sampling
SNPs from the real data (17.6 million variants) and assigning effect sizes to those
"causal" variants under four scenarios: random (roughly a 50/50 mixture of common
and rare causal variants), more common (MAF > 0.01) causal variants, more rare
causal variants, and more rare causal variants that also have a lower mean LD
score than average [30]. Yang et al. (2015) show that when causal SNPs are picked
at random from all sequence variants in the genome, the genetic relatedness
matrix estimated from only common SNPs is an excellent estimate of r at all SNPs
contributing to disease and there is no "missing heritability" at all - in other words,
single-component GREML gives an average estimate of heritability of 80% with
very little error. On the other hand, when disproportionately more rare variants
are causal variants, r is overestimated and as a result heritability is very slightly
underestimated by a few percent on average. If these rare causal variants are also
in regions of the genome with unusually low LD, using common SNPs to estimate
r gives up to a 10-15% underestimate of heritability (i.e., heritability estimated
to be 65-70% instead of the true 80% value). Even if most of the causal variants
happen to be rare and in regions of unusually low LD, this leads to at most a 10-15%
underestimate - significantly less than the magnitude of the "missing heritability"
for many phenotypes [30].

To overcome this limitation, later stratified variations of GREML have been
developed to adjust for the influence of minor allele frequency (MAF) and local LD
(individual LD scores) on the estimated SNP-heritability, known as the GREML-MAF
Stratified (GREML-MS) and GREML-LD and MAF Stratified (GREML-LDMS) approaches,
respectively [30]. These multi-component stratified GREML methods fit multiple
GRMs created by a subset of SNPs stratified by either minor allele frequency (MAF)
bins alone or both LD and MAF bins simultaneously in the linear mixed model.
In simulations, these approaches appear to provide unbiased estimates of the
total additive variance, regardless of the LD and MAF model used to simulate the
trait [30].

If missing heritability is due only to issues of power or ungenotyped rare causal
sites, absent interactions, estimates of heritability from LDSC and GREML should
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converge to family-based estimates. While there may be technical biases in LDSC
caused by substituting the "average” relatedness of individuals for the relatedness
among individuals under study, and somewhat different biases in GREML from using
only a subset of all possible SNPs to estimate relatedness, these biases are likely to
be small, and often solvable by careful LD matching for LDSC, and extensions of
GREML to include SNP subsets with relatedness that might differ from average.

Yet, these approaches yield estimates of heritability that tend to be substantially
lower than those from family studies. A pattern of heritability estimated by families-
based studies being significantly larger than that estimated in linear mixed model
approaches (GREML), which in turn are slightly larger than that estimated from
LDSC, is often seen in large datasets.

3. Results and Discussion

Missing heritability is the norm for nearly all human traits studied, even traits with
exceptionally large sample sizes. Consider the phenotype of height as an example,
with a family-based estimate of heritability from genome-wide IBD sharing between
sibling pairs of 80% [21]. Srivastava et al. (2023) estimated the SNP-based heritability
(h%5p) of height with a variety of methods using summary results from the GIANT
Consortium [22] and individual-level data from The Northern Finland Birth Cohort
(NFBC) [31]. The authors found that single-component GREML (GREML-SC) estimated
the heritability of height to be 0.58 [29]. GREML-MS estimated the heritability of
height as 0.59 and GREML-LDMS estimated heritability as 0.62 [29]. LDSC estimated
the heritability of height to be 0.46 [29].

Estimates of heritability from close relatives (i.e., family-based methods) are usually
significantly larger than estimates from distant relatives/unrelated individuals
(i.e., molecular genetic methods such as LDSC and GREML). For over 100 years,
geneticists have been using the correlation between relatives to estimate heritability
in a practice so familiar that we often forget that it usually involves simplifying
assumptions. If we define the term heritability to mean the proportion of phenotypic
variance due to additive effects, estimates of heritability from family studies can
be biased upward by interactions between genes (epistasis), by genotype-by-
environment interactions, and by unrecognized correlations in environments among
relatives [32]. In particular, for a pair of relatives with phenotypes P; and P; [5]

Cov|[P;, Pj} =rVa+rVp+ rZVAA +rroVap + (FQ)ZVDD + T’BVAAA +...+ CijVGE~ (54)

In this formulation, V, is usually called the "additive variance” and we define
heritability to be h* = V,/Vp where Vp is the total phenotypic variance.
Vaar Vap, Vpp, and Va4 are usually called the additive-by-additive, additive-
by-dominance, dominance-by-dominance, and three-way additive-by-additive
variances, respectively [5,6]. These components each reflect a non-additive genetic
contribution to phenotypic variance arising from interactions between alleles or
genotypes at different loci, that are often collectively called "higher-order genetic
interactions." Non-additive in this context means that the average phenotype given
a multi-locus combination of genotypes/alleles is not just the sum of the average
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phenotypes given each genotype or allele individually. In the above equation,
ViE reflects the total contribution of gene-environment interactions to phenotypic
variance, with ¢;; as the fraction of those interactions shared between individuals i
and ;.

For parent(P) / offspring(O) comparisons (a typical comparison in which to estimate
heritability), r = % and r, = 0, and in most estimations all interaction terms wiill
be dropped leaving the approximation of V,, ~ 2Cov{P, 0}, thereby inflating the
estimate of V, by % + % + % + .... Thus, the intuition that the additive
variance V, is the fraction of the phenotype "transmitted” from parent to offspring
is formed from an approximation that drops all higher-order interaction variances.
In reality, additive-by-additive interactions "transmit” from parent to offspring
as well, but diminished by a factor of } for each successive level of interaction.
Twin estimates tend to be even more inflated, including additional dominance
and dominance / interaction terms. Ultimately, the phenomena called "missing
heritability” might be nothing more than "inflated estimates of heritability in close
relatives caused by dropping higher-order interactions.”

In practice, SNP based techniques used to estimate heritability from distantly related
individuals typically found in a GWAS study will be far less inflated by higher-order
genetic interactions. In principle, the inflation is present, but the values of r are such
that the inflation may be negligible. For the “unrelated individuals” typically found
in these kind of studies, r, is nearly 0, and r ~ 0(0.01), so that 2 ~ 0(0.0001). Thus,
the inflation from this approach is dramatically lower than from familial studies.
In particular, if higher-order interactions contribute a significant fraction of the
total genetic variance we expect heritability estimated by families to be significantly
larger than that estimated in linear mixed model approaches or LDSC, as is often
seen in large datasets [33].

It can be suggested that rather than higher-order interactions, other sources of non-
additivity (e.g., dominance, assortative mating, gene-environment interactions)
inflate estimates of heritability from family-based studies. If Vg is inflating
estimates of heritability from family-based studies, then estimates of V4 from GREML
should be comparable to estimates of heritability from family-based paradigms that
attempt to control for gene-environment interactions (with a much smaller shared
environment contribution to similarity among relatives), such as adoption studies.
Consider alcohol use disorder (AUD) as an example. Estimates of the heritability
of AUD from twin studies are 51% with a 95% CI of [0.45 - 0.56], while estimates
from adoption studies are 36% with a 95% confidence interval of [0.22 - 0.50] [34].
Linear mixed model estimates of the heritability of AUD from GREML are 13% with
a 95% CI of [0.124 - 0.136] [35]. In essence, when family-based paradigms try their
best to control for gene-environment interactions, heritability estimates from close
relatives are still considerably larger than estimates from GREML in distant relatives.
A heritability estimate of 36% with a lower bound of 22% from adoption studies of
AUD is still about twice as large as the 13% estimate from distant relatives using
GREML. Comparisons of twin and adoption studies for many other traits (e.g., see
[36] for antisocial behavior) show a similar pattern: heritability estimates from
adoption studies are modestly smaller than estimates from twin studies and while
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there is evidence for gene-environment interactions, they typically explain 5-10% of
phenotypic variance - not enough to fully account for the difference in heritability
estimates from close versus distant relatives. The data is far more consistent with
gene-environment interactions being a smaller contributor to heritability inflation
than higher-order genetic interactions.

3.1 Non-additivity of uncorrelated sites

While most seem to think there is little evidence for higher order interactions, and
it is certainly true that data is very rarely interpreted as supporting the existence of
higher order interactions, as it turns out, there is enormous evidence that is fully
consistent with their existence. That data is simply seldom described that way.

In addition to stratified variants of GREML, another approach was developed to
estimate SNP-heritability in individuals with close or extended relationships [27,37].
The GREML-KIN method models phenotype with a linear mixed model in samples
that contain a mixture of close relatives, more distant relatives, and "unrelated
individuals" (6th degree relatives and beyond). The model in GREML-KIN is

P = XC+gy+&g+5+f+7+¢E with (55)
= Rog +Kog + 807 + Fo} + Co? + 107 (56)

In this model, g5 is an n x 1 vector of the total additive genetic effects captured by n
genotyped SNPs as well as SNPs in LD with these common SNPs with g, ~ N(0, Rag),
similar to single-component GREML. g; is an n x 1 vector of the "extra genetic effects
associated with pedigree for relatives" [27,37], with g ~ N(0,K¢?). K (kinship
matrix) is a modified GRM designed to estimate these "extra" genetic effects, the
variance explained by shared genetic factors in close relatives, and is created by
setting all entries in R smalled than 0.025 to zero. Thus, K contains an estimate of »
for all pairs of individuals who are 5th degree relatives (second cousins) or closer. In
contrast, R contains estimates of relatedness for close relatives as well as distantly
related (also called "unrelated”) individuals since no relationship cutoff was applied.
S, f ¢ are n x 1 vectors of effects shared by full-siblings, nuclear family members,
and couples with § ~ N(0,Sc¢2), f ~ N(0, FUJ%), and ¢ ~ N(0,Cc?). S (sibling matrix)
is intended to capture variance associated with the similarity of full siblings, or
dominance genetic variance. S is not formed using genetic data and is of the form
S =1 if individuals j and k share both parents (i.e., are full siblings) and zero
otherwise. C (couple matrix) captures variance associated with assortative mating
and Cjy = 1ifindividuals j and k are a couple, defined as a pair of individuals with at
least one offspring. F (family matrix) captures non-random shared environmental
effects within nuclear families and Fj = 1 if a pair of individuals are members of a
nuclear family including parent-offspring, couples, and full-sibling relationships.

Now we will demonstrate that ng estimated in GREML is the additive component of
genetic variance and ¢2 is the dominance component, as well as uncover exactly
what this "extra" genetic variance component o7 that is present among close relatives
but not found among distant relatives is. Let us first remind ourselves of what we
expect the covariance in phenotype between any two individuals i and j to be:
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Cov[P;, Pj] = rVa +12Vp 4+ 1*Vaa +1(r2)Vap + (r2)*Vop + *Vaaa + -

Now, let us consider the random effects model for three different types of pairs
of individuals: distant or unrelated individuals, close relatives (5th degree and
closer), and full siblings. To simplify our discussion, assume 0}% and ¢? are either
zero or have been "correctly” estimated and accounted for. Thus, assume that
gene-environment and environment-environment interactions and correlations
have been accounted for/removed/were zero to begin with. First consider pairs
of individuals with r < 0.025. Such individuals (more distantly related than second
cousins) will almost never share two alleles identical by descent (r, = 0). As a
result, for these individuals the variance component model and their phenotypic
covariance are

V = Ro;+17, (57)
Cou[Y;, Yi|r < 0.025,r, =0] = 1Va+7rVas+7rVasa+ .. (58)

Thus, in individuals more distantly related than second cousins,
oz ~Va+1Vaa+rVaaa + - (59)

Since r < 0.025, this can be thought of as being a very good approximation for V,.
Thus, in individuals with r < 0.025, (7§ is an estimate of V4. Let us now examine the
model for closely related pairs of individuals (r > 0.025) who are unlikely to share two
alleles IBD (no significant r, component, in other words no full siblings included).
For such pairs of individuals with r > 0.025 and r, = 0, the variance component
model is

V = Rog + Ko} +10Z, (60)

where both the R and K matrices are identical. The phenotypic covariance between
such individuals is given by

Cou[Y;, Yi|r > 0.025,r, = 0] = rVa + r*Vaa + r°Vaaa + .. (61)

Thus, in individuals that are 5th degree relatives and closer (not including full
siblings),
0'§+0']3NVA+1’VAA+T’2VAAA+... (62)

For full siblings, 7y = §, 11 = 3, and r, =  (full siblings may share two identical by
descent alleles and as a result share the same dominance effect at a locus), thus
r= % The variance component model for full siblings is

V = Ro; + Kof + So7 +10Z, (63)

where both R and K are identical. The phenotypic covariance between full siblings
is

1 1
Coo[Yj, Yi|r = 0.5,r; = 0.25] = rV, + ;o + *Vaa+ ZZVAD + 1 VoD + PVAAL + .o
(64)
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Thus, in individuals who are full siblings,

1 1 1
sVap + TVDD + ZVAAA + .. (65)

1 1
U§+U£+U§~VA+ZVD+§VAA+8 6

Imagine the linear mixed model works perfectly (variance is partitioned perfectly
by GREML), then

2~ Vs (66)

0‘,3 ~ Vs + TZVAAA + ... (67)
1 1 1

07~ JVo+gVap+ Vop - (68)

Thus, this "extra” variance component, o7, is proportional to the sum of all the higher-
order additive-by-additive interactions. This is the most natural interpretation of
o? - it is the contribution of higher order additive-by-additive interactions. Others
tend to interpret o7 as deriving from the genetic variation attributed to markers not
well captured by common variants, but passed to close relatives in pedigrees. For
instance, Zaitlen et al. (2013) and others who have applied GREML-KIN interpret
o? as genetic variance due to rare variants as well as CNVs and other structural
variation that cluster in specific families and are captured due to strong linkage
in high-order pedigrees but are not in population-wide LD with common SNPs
[27,37]. In a formal sense, this too is a form of interaction, but one deriving from
correlation in state between the high frequency markers, with the low-frequency
ones contributing to phenotype within specific families. Of course, while these
sorts of unobserved correlations in state could be contributing to a,f, the simulation
studies described in section 2.2.3 argue that this contribution is likely to be small
in almost all circumstances. It is quite possible that many investigators attribute
this component to these complex and unobserved correlations in state because
they have implicitly assumed that V4 4 is zero. Once you abandon that assumption,
the interpretation of ¢7 as estimating higher-order additive-by-additive interactions
becomes natural.

There is considerable evidence that a substantial fraction of all genetic variation
is due to these additive-by-additive interactions. Xia et al. (2016) [37]
partitioned phenotypic variance using GREML-KIN for complex anthropomorphic
and cardiometabolic traits (see Table 1). a§ = 043, 07 = 045, and 02 = 0 for height
[37], compared to family-based heritability estimates from twin studies ranging
from 0.89-0.93 [38]. o5 = 0.27, 0 = 0.27, and ¢7 = 0 for weight [37], compared
to heritability estimates from twin studies ranging from 0.64-0.84 [38]. a§ =0.24,
o =0.25, and 02 = 0.04 for body fat [37], compared to heritability estimates from
twin studies ranging from 0.59-0.63 [39]. 07 = 0.27, o = 0.29, and ¢ = 0.03 for levels
of high density lipoprotein (HDL) in serum [37], compared to heritability estimates
from twin studies ranging from 0.50-0.62 [40]. For the traits examined by Xia et
al. (2016), the proportion of variance explained by additive-by-additive genetic
interactions (¢?) is roughly equal to the proportion of variance explained by the
additive effects of single loci (05%), with dominance genetic effects (¢2) explaining a
very small fraction of phenotypic variance. Hill et al. (2018) [41] used GREML-KIN
to decompose trait variation in cognitive and personality variables (see Table 1).
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og =023, 0} = 0.31, and o7 = 0.09 for the general factor of intelligence (cognitive
"g") [41], compared to family-based heritability estimates of 0.54 [42]. a§ = 0.16,
o =028, and 0 = 0.12 for years of education, compared to family-based estimates
of heritability of 0.41 [42]. o = 0.11, 0} = 0.19, and ¢7 = 0 for neuroticism, compared
to family-based estimates of heritability ranging from 0.34-0.48 [43]. For the traits
examined by Hill et al. (2018), additive-by-additive genetic interactions explain more
than the additive main effects.

Table 1 Results of variance components analyses using GREML-KIN from final reduced
models selected by Xia et al. (2016) and Hill et al. (2018). Standard errors of variance
components in parenthesis.

2

Trait Selected Model oz o? o2 of 03
Anthropomorphic Traits (Xia et al., 2016)
Height RKC 0.47 (0.04) 0.36 (0.05) 0.16 (0.03)
Weight RF 0.28 (0.03) 0.18(0.02)
Body Fat RKC 0.26 (0.04) 0.26 (0.06) 0.19(0.03)
Body Mass Index RKC 0.25(0.04) 0.33(0.05) 0.21(0.03)
Hips Circumference RKC 0.21 (0.04) 0.27 (0.06) 0.17 (0.03)
Waist Circumference RKC 0.16 (0.04) 0.36 (0.06) 0.20(0.03)
Waist-to-Hips Ratio RKC 0.15(0.04) 0.19 (0.06) 0.09 (0.03)
A Body Shape Index (ABSI) RKC 0.10(0.04) 0.19(0.06) 0.05(0.03)
Cardiometabolic Traits (Xia et al., 2016)
Urea (Serum) RF 0.13(0.03) 0.10(0.02)
Creatine (Serum) RKSC 0.24 (0.04) 0.45 (0.05) 0.07 (0.03) 0.16 (0.03)
Glucose (Blood) RC 0.19(0.03) 0.05 (0.03)
Total Cholesterol (Serum) RSF 0.17 (0.03) 0.12(0.04) 0.09(0.02)

High Density Lipoprotein (Serum) RKC 0.30 (0.04) 0.26 (0.05) 0.15 (0.03)
Systolic Blood Pressure RKC 0.15(0.04) 0.13 (0.06) 0.10 (0.03)
Diastolic Blood Pressure RC 0.17 (0.03) 0.09 (0.03)

Heart Rate RF 0.14(0.03) 0.10(0.02)
Cognitive Abilities and Personality Traits (Hill et al., 2018)
General Factor (g) RKSC 0.227 (0.021) 0.313(0.029) 0.092 (0.013) 0.221(0.02)
Years in Education RKSC 0.156 (0.021) 0.281 (0.003) 0.114(0.014) 0.313(0.028)
Neuroticism RK 0.108 (0.02) 0.192 (0.025)
Extraversion RF 0.13(0.017) 0.09 (0.011)

The amount of variance that is explained by shared familial environment (aj%) and
assortative mating (¢?) in the traits examined by Hill et al. (2018) and Xia et al.
(2016) is not enough to fully explain heritability inflation from family-based studies
either. Including the sibling, family, and couple variance components in GREML-KIN
doesn’t make the pedigree-associated variance component (¢?) reflecting additive-
by-additive interactions zero, nor does it eliminate the difference in heritability
estimates from close versus distant relatives.

Comparing family-based estimates of heritability to the sum of the genetic variance
components from GREML-KIN estimated by Xia et al. (2016) and Hill et al. (2018)
demonstrates that very little heritability is "missing" at all once additive-by-additive
interactions are accounted for [37,41]. As Yang et al. (2015), showed even if most
of the causal variants happen to be rare and in regions of unusually low LD, this
leads to at most a 10-15% underestimate of heritability [30] - significantly less
than the magnitude of oZ. These sorts of results stand in stark contrast to the data
presented in Hill et al. (2018) where the "missing” portion explained in close relatives
is often larger than the additive portion [41]. Thus, while poorly tagged rare alleles
in regions of low LD could be contributing to this gap slightly, this can't be all or
even most of the story. In contrast, if we do not assume that V4 4 is negligible, the
analysis conducted by Xia et al. (2016) and Hill et al. (2018) using GREML-KIN is
strong evidence for the existence of higher-order genetic interactions in human
anthropomorphic, cardiometabolic, and behavioral traits.
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3.2 Cis-regulation of gene expression

A genetic interaction exists when the joint genetic effect of two loci on phenotype
is different from the sum of the individual locus effects. If an allele A,, at locus v
increases the liability to disease by some amount, ,, and an allele A, at locus w
increases the liability by some other amount, B, an interaction exists when having
Ay, and Ay, together increases risk by an amount different from g, + B,,. We believe
this situation naturally arises from the manner in which gene regulation is known to
occur. To help build intuition, consider the following example. Imagine A, silences
a gene, and B, reflects the effect of silencing that gene on phenotype. Imagine
Ay, silences the same gene, so B, = B, and Ay, has the same effect as Ay,. If Ay,
and Ay, occur on the same haplotype (are in cis with each other), that haplotype
is silenced. It would be silenced if only A,, were present. It would be silenced if
only Ay, were present, and it will be silenced if both are present. Here the effect of
both alleles together is B,, not B, + Bw. This is an additive-by-additive interaction.
More generally, consider the simplified model of cis-gene regulation illustrated in

Figure 2.

State Expression

3 a—() | Exon1 | Exon 2 Exon 3 )
G 0 CExont | Exon 2 Exon3 X

5 e—{)—0 O—Beni—) Exon 2 Exon 3
G o—0 & Exon 1 Exon 2 Exon 3

1 @ [ Exonl | Exon 2 Exon 3 X
G—()—0 O—Exent ) Exon 2 Exon 3

0 e—()—~0 O—ienan—) Exon 2 Exon 3
a—()—~0 O—eeaa—O) Exon 2 Exon 3

() Unbound Cis-regulatory element

@ Bound Cis-regulatory element

Figure 2 Simplified model of cis-gene regulation.

We imagine our gene, call it G, occurs on an autosomal, diploid locus. We imagine
that the two alleles of G, G; and G,, are individually regulated, such that there are
four possible states for this locus: State 0: Both G; and G, are silenced. State 1:
G is expressed, but G; is silenced. State 2: G, is expressed, but G; is silenced.
State 3: Both G; and G, are expressed. To further simplify this model, we imagine
that the amount of transcript produced in state 0 is 0. The amount in State 1
and 2 is x, and the amount in State 3 is 2x. Thus, each allele, when transcribed,
produces an equal amount of transcript. Whether or not the allele is transcribed is
determined by binding of other proteins at cis-regulatory elements. In the simplest
model, expression happens if binding occurs at any cis-regulatory element, and
no transcription if all requlatory elements are unbound. To make this a model of
genetic variation, we imagine that SNPs are within the cis-regulatory elements. One
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of the two SNP nucleotides allows binding to its element (and thereby “turns on”
cis expression of that allele), while the other nucleotide inhibits binding, and thus
eliminates cis-expression, unless some other element is bound. We fully recognize
that biology is far more complex and subtle than this model, but even this simplistic
view of gene regulation can induce substantial higher order interactions. We give a
few key results to reveal the extent to which higher-order interactions can be the
largest component of genetic variance in this system.

For this model of gene regulation, we present results in Table 2 where the gene has
one cis-regulatory element or two cis-regulatory elements. Each element has a SNP,
with one nucleotide allowing binding (and thereby turning on cis-expression), and
the other nucleotide preventing binding. For simplicity, we assume the nucleotide
preventing binding is at the same frequency in each element, and is at frequency
0.02 (relatively rare, but tested in most large GWAS studies). As Table 2 shows,
under this model of gene regulation, if there is only one regulatory element, all
variation is additive. If there are two regulatory elements, almost all the variation
is additive-by-additive interaction. Thus, a simplistic model of cis-regulation of
gene expression gives rise to substantial interaction variance whenever there
is genetic variation in two different cis-elements. The converse of this model is
one where there is no variation in the cis-regulatory elements, but variation in
the protein binding partners, such that some of the time proteins are available
to bind (and thereby induce expression at this locus), but at other times they are
not. Combine this with an idea that differing proteins might bind to differing
cis-regulatory elements, and the exact same quantitative results can ensue, i.e., a
substantial fraction of the variance might be additive-by-additive (if a small number
of different proteins regulate each locus), or even higher-order interaction variance
if substantially more than two contribute to regulation.

Table 2 Proportions of genetic variance explained for simplified model of cis-gene
regulation.

Type of Genetic Variance One Cis-regulatory Site Two Cis-regulatory Sites

Additive (V) 1 0.04
Dominance (Vp) 0 0
Additive-by-Additive (V4 4) 0 0.96

In this numerical example, the additive-by-additive component will be approximately
25 times larger than sum of the individual SNP effects. We could imagine the two
SNPs might show relatively uninteresting levels of association individually, with say
p = 0.25 and x? = 1.32 at both loci. However, a test for the additive-by-additive
contribution of the two loci together would have an expected E[x?] = 64.9 with
p ~ 1071, a value likely to reach an experiment-wide significance threshold even if
all pairs of SNPs genome-wide are tested with Bonferroni correction. Of course, since
the combination of both minor alleles will rarely be observed (1/(0.02)? = 2,500)
such a study would require tens of thousands of samples to be well powered.

Far from being an abstraction that "could exist,” higher-order genetic interactions
arise as a consequence of the cis-regulation of genes by nearby variants. In fact,
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we believe cis-regulation of genes is likely to account for some, and potentially a
substantial fraction of “missing heritability” of complex traits. While Mendelian,
or single-gene diseases, are largely caused by protein-coding changes, complex
traits have been shown to be mainly driven by noncoding variants that presumably
affect gene regulation. Indeed, many studies have shown that significant disease-
associated SNPs are highly enriched in regions of active chromatin such as
promoters and enhancers [44]. Cis-regulation of genetic transcription involves a
proximal promoter as well as more distal regulatory elements (e.g., repressors,
silencers, enhancers, insulators), and variation within any of these regulatory
elements can lead to transcriptional changes to the target gene. If variants are in
multiple regulatory elements, their effects are likely to be non-additive. Disrupting
one enhancer might have limited effect, but disrupting all enhancers could have
a major effect on expression of the target gene. It is difficult to imagine a model
where the effects would be strictly additive, where the effect of having a variant in
two cis-regulatory elements is exactly the sum of their individual effects.

On a broader scale, expanded views of complex traits such as Boyle et al. (2017)'s
omnigenic model posits thatinformation flows from regulatory variants, for example
by affecting chromatin activity, to cis-regulation of nearby genes and ultimately to
affect the activity of other “unlinked” genes [44]. In this way, cis-acting expression
quantitative trait loci (eQTLs, or loci that explain a fraction of the variance in a gene
expression phenotype) may in turn affect mRNA or protein levels of other “unlinked”
genes via regulatory networks. In other words, a cis-eQTL can also be a trans-acting
eQTL elsewhere in the genome, in addition to affecting other functions such as
post-translational modification or subcellular localization of gene products [44].
Long-range cis-regulatory interactions could also be mediated by CCCTC-binding
factor (CTCF), a highly conserved transcription factor. Variation in CTCF binding
sites could change chromatin configuration at a large scale, dramatically altering
transcription potential for many genes. Roughly 15% of CTCF binding sites are
within the boundaries of topologically associating domains (TADs), and these CTCF
binding sites play the role of an insulator to demarcate rostral-caudal transcriptional
boundaries [45]. Chromatin domains with a high frequency of molecular interactions
between different loci form TADs that are relatively isolated from neighboring
regions of DNA, facilitating interactions between cis-regulatory elements and target
genes. CTCF-cohesion complex forms a loop structure and an insulated enhancer
can only act on genes within the formed loop. Mutation in CTCF-binding sites
may thus prevent the proper loop structure from forming, and genes that are
originally outside the loop are now affected by the enhancer (e.g., expression is
highly upregulated compared to wild-type). Such mutations can have large scale
impacts, causing increased inter-TAD interactions and reduced intra-TAD interactions
[46]. When two or more variants affect the same TAD, additive-by-additive, or even
higher-order interactions, are virtually unavoidable.

3.3 Quantitative results for the additive-by-additive variance

Not withstanding the toy example of cis-gene regulation described above
(Figure 2), one is often tempted to assume that higher-order variance terms will
smaller than lower order terms. Under many circumstances this can be true, but
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when the interaction involves one or more rare alleles, the higher-order interaction
effect can be considerably larger than any of the main effects. To see this, we derive
several general results for the additive-by-additive interaction variance, V,,, ,, for
a pair of sites as well as a bound on the maximum V;,, , that is a function of the
single-site main effects and allele frequencies.

3.3.1 Closed-form expression for the two-locus additive-by-additive variance

To start, consider a single locus v in Hardy-Weinberg equilibrium with two alleles
Ay, and Ay, where the frequency of Ay, is p, and the frequency of A, is g, =
1 — p, with p > g. The allelic effects a,, are defined as the average phenotype of
individuals who possess a given allele. We define a related variable B, = ay, — ay,
as the difference in the allelic effects, interpreted as the consequence on phenotype
of substituting the minor allele for the major allele. For all that follows, P is a
zero-centered translation of phenotype. The fact that P has mean 0 implies the
average component contributions from this locus must also be 0, such that E[a] =0
[5], yielding the following:

Ela] = poayy + qotto, = 0. (69)
ayy, = —Pg,. (70)
Po
Bo = ay + Lay, (71)
Po
= Y (72)
Po
Ky, = Pvﬁv- (73)
Kyy = _QU,BZP (74)

Now consider a second locus w, with properties and quantities of the same form as
those of locus v.

Ky, = Pw,Bw- (75)
Ky = _qw,Bw- (76)

Imagine these two sites v and w reside on the same chromosome and both influence
phenotype. These two sites can form four possible haplotypes (Ay,Aw,, AvyAw,,
Av, Awyr Av Aw,), and therefore 16 distinguishable genotypes. Assume there are
no parent-of-origin effects, such that a A,, A, haplotype from the mother paired
with a AZ,].Aw, from the father has the same average effect as AU/.Awl from mom
with Ay, Ay, from dad. We call this assumption that of "parental exchangability." We
make a second assumption, that all non-additive interactions are in cis, which we
call "cis-only."

Let H be a randomly picked haplotype, and 1y, = E[P|H = Ay Ay,] be its
genetic, or "haplotypic" effect. The epistatic deviation of a haplotype, similar to
the dominance deviation of a genotype [5], is the difference between the joint
effect of two alleles from the sum of the effects of both. In this fashion, define
the between-locus epistatic deviation from additivity, which we call the additive-by-
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additive deviation, as the difference between the genetic effect of a haplotype from
the sum of its individual allelic effects, dy,w, = 7o, — (&0; + aw, ). Let &, be the
additive-by-additive deviation for the haplotype consisting of the minor allele at
both loci, Ay, Aw,. The assumptions of cis-only and parental exchangability allow us
to derive a closed-form expression for the additive-by-additive interaction variance,
Vaay,,» CONtributed by any pair of loci in terms of allele frequencies and the additive-
by-additive deviation of the A, A, haplotype. We also demonstrate that d, ., can
be written as a function of allele frequencies and the four haplotypic effects for a
pair of loci.

We begin by deriving expressions for all four haplotypic effects in terms of the g's
at each site, B, and By, and &, 4.

Noyw, = Ko+ &w + 00w (77)
= poPo+ PwPw + dvw- (78)

Ay, = Pwlo,we + Juwloyw; = PoPo- (79)
Polloywy = PoPo = Gulfoy,w (80)
= poPo — Ju(pPoPo + PwPw + dow)- (81)

Howy = PoPo— qubuw — Z—j’uév,w (82)
=y, + tuy — ‘L:(sv,w. (83)

Qwy = Polfogwe + Golfor,wy = —GwP- (84)
Pollogwy = —qwPw — Goloy,wg (85)
= —quwBw — Go(poBo — qubuw — %m). (86)

Togws = —quBw — oo+ ;’;’]w Sos (87)
= gy + g + Z:ZZ Sosu (88)

Qw, = Polfogw, + Joloy,w, = PwPuw- (89)
Pollogw, =  PwPw — Golloy,w, (90)
= pwPw — Go(PoPo + Pwbuw + dow)- (91)

ooy = Pubw — Gofo — %@W (92)
= gy gy — %&W. (93)

The additive-by-additive variance is calculated as the variance of the additive-
by-additive deviations across all four haplotypes. Note that additive-by-additive
deviations for the other three haplotypes can each be written in terms of allele
frequencies and the additive-by-additive deviation of the rare-rare haplotype (e.g.,
Svpw0 = Mogwy — (Xog + Qwy) = ZZZ; 3u,w)- In the expression below, we use a framework
independent of linkage disequilibrium, such that the frequency of each haplotype

is simply the product of the frequencies of the alleles present in each haplotype.
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Vaay, = Z[Pvafsgo,wo + quwégo,wl + %owsz%l,wo + qvqw5z2;,w] (94)
901 ? q ?

= 2|pvPw < P:PZ:U 5v,w> + poduw (_ PZ&J,ZU) (95)

q 2

+ JoPw (_ wév,w) + %qwézz],w]
Pw

- w2<%%v. 9%
o0\ pove (96)

As we previously derived [5], in the context of no LD between the two loci under
consideration, the single-locus B's can be written as

Bo = Pw(toy,wy — Nogwy) + Goo 1oy, — Nogw,)- (97)
ﬁw = pv(ﬂvo,wl - 771701100) + ‘70(’701/101 - ’7171,100)' (98)

From this, we derive V,,,, in terms of allele frequencies and the four haplotypic
effects.

Nowy — Hojwg = (pZI,BZI + Pw,Bw + 5v,w) - <Pvﬁv - Qw,Bw - dev,w> (99)

w
1

= Bw+ —duw. (100)
Pw

5v,w = Pw(rlvl,wl — Noywg — ,Bw) (101)

= Pw [ﬂv],wl — Noy,wy (102)

= Po(Hopwr — Nog,w) = Go oy, = Mo,wp)]

= PoPw(foyw — Norwy — Mooy + Hogwp)- (103)

Vaayy = 202, (Zj)w) (104)

= ZPU%quw(le,wl — Noy,wg — Nog,wy T Uvo,wo)z- (105)

Quantities denoted by a hat are their values in a real population with linkage
disequilibrium between the loci under consideration. In the presence of LD, where
D is the standard measure of haplotypic covariance (D = Frequency[Ay,Aw,] — PoPw

(5D,
Vuﬂv,w = 2[(pva + D)(s’(z)o,wo + (quw - D)(Slz)o,ll)l (’I 06)
+ (qopw — D)5§1,w0 + (Foqw + D)@%,w}
— 252 [(qvqw> +D (qv_pv)(qw_pW> . 107
"L\ popw Pip% (107)
- D
= + —pPuw. 108
Bo Bo e Bw (108)
Vo = 2puqof? (109)
A D
= + . 110
Bw Bw Dol Bo (110)

Vio = 2Pwfupa- (111)
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In Equation 108, the effect size at locus v, measured as a g, is equal to what the
effect size would be at locus v absent LD, plus the effect at locus w absent LD,
weighted by the haplotypic covariance between the two loci, divided by the allelic
variance at locus v (see [5] for derivation). In the context of D > 0, both single-locus
additive variances become larger as the f's at each site become larger, and the
additive-by-additive variance becomes larger. The total additive variance becomes
larger more rapidly than the additive-by-additive variance in the context of positive
LD between two loci. Thus, the ratio of VZ“%"M becomes smaller for increasing
D >0.

3.3.2 Analytic bound on the maximum additive-by-additive variance

We derive an analytic bound on the maximum possible additive-by-additive
interaction variance contributed by any pair of sites in a framework independent of
linkage disequilibrium and any other correlations in allelic state (e.g., departures
from HWE) [5,7]. Assuming parental exchangability, cis-only, and no dominance
in this system (E[P|H; = Ay, Aw, Hy = AU/.Awl] = Now, T ij,wz)r we derive this
LD-independent bound under all possible patterns of haplotypic effect sizes. The
relationships among haplotypic effects that we consider can arise in a variety of
biological ways if we imagine locus v and locus w reside in two different cis-regulatory
elements for the same target gene (e.g., alleles may reside in enhancers/repressors,
result in the creation of stop codons, or both sites can interact with each other via
the formation of a 3-dimensional DNA structure such as a TAD).

Without loss of generality, assume the size of haplotypic effects are oriented such
that 7o,,w, < Hoy,w,- If Hog,we = oy,w,,» Multiplying phenotype by —1 will lead to an
analysis similar to below. Given that all four haplotypic effects are a function of the
single-locus f's and the additive-by-additive deviation J, 4, the difference between
any pair of haplotypic effects could potentially bound 6, in terms of the effect
at each site. We begin by considering six possible bounds originating from the
six different ways the four haplotypic effects in this two-locus system could be
subtracted from one another, yielding a total of four easily interpretable bounds on
Viaay, in terms of the single-locus additive variances, V,, and V;, (both 2pgp?).

§ Bound 1.' 7701,701 — 7’]7}1,‘(4}0

Noj,wy — Hopwg = (Pvﬁv + Pw,Bw + 5v,w) - (Pvﬁv - Qw,Bw - Zu)fsv,zu) (112)

w

1
= ,Bw + 751},w~ (1 1 3)
Pw
If Moy,wy = oy, wg <0
1
Pw+ —bvw < 0 (114)
Pw

5v,w < _Pw,Bw- (115)
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For 6, > 0and B, <0,

252 (%%})
v,W PoPuw

Vﬂﬂv w S (%) Vﬂw'
) Po

AN
=
IS
IS

7 N
= =
Iz
g |8
N—

If 170,01 — Moy, > O

=
g
+
>
N
g
v
o

fsv,w > = Pw,Bw-

For d,» < 0and By, > 0,

IN

Pwﬁw
252 Joqw ) 2,2 g2 qow
v,Ww < DoPw pw‘Bw DoPaw

(*’)VW
Po

_5v,w

IN

Vﬂ ay,w

IN

§ Bound 2: 1y, w, — Moy,
1
Hoyw, — gy = Po+ —dvw.
Po
If Moy, w1 — Hog,wq <0

5v,w < _PU,BU-

For 6y, > 0and B, <0,

If Noy,w; — Nog,w; = 0:
5v,w > *Pvﬂv.

For 6, < 0and B, >0,

_5v,w < PU,BU
Vitgw < (‘7> V-
§ Bound 3: ﬂyl,wl — 77170,7470
Noy,w; — Nogwg = ﬁv + ,Bw . (5v,w‘

PoPw

Page 28 of 40

(116)

(117)

(118)
(119)

(120)
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Recall that haplotypic effects are oriented such that 1y, w, — 1vy,w, > 0:

dow S P (B + o) (130)

This is only an upper bound on 6, When B, + B4 is negative.

§ Bound 4: 17y, — 1oy,

Nog,wy — Hoywg = _,Bv + fw §v,w- (131)
PoPw
If Mog,wy = vy, wy <0
Sow < PPug, (132)
Juw

For 6y, > 0and B, > 0,

Vitgw < (pw) Va,. (133)
: 1o
If Noo,wo — Hoy,we = 0:
bo > PPug (134)
Juw
For d,» < 0and B, <0,
by < —PPupg (135)
Juw
Vitgw < (’”") V- (136)
’ qu
§ M 77'[)(],‘(,00 - ;7'00,‘(01
Hoowo — Noows = —Bawo + ——Go 0. (137)
PoPw
If Nog,wo — Hogwy < 0
b < PPup, (138)
Jv
For d,» > 0and By > 0,
Vitgw < (”) Vi (139)
, Py
If 77'()0,‘(1)0 - ;7'()0,‘(,01 2 0'
bo > PPup (140)
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For 6, <0and By, <0,

—bow < fwﬁw (141)
'k
Po
Vua” w S () Vﬂw' (1 42)
, 70
§ Bound 6: 1y, — 1oy w0y
Nvo,wy — Noy,wo Bw — Bo — M%lw. (143)
PoPw
If 10,01 — 1oy,we < 0
PoPw
bow 2 (B = Bo)- 144
o= JuPw — Pvquw ('Bw ‘Bv) ( )
If Nog,wy — Hoy,we 2 0
PoPw
dow S o T (B = Bo)- 145
R JuPw — Poqw (ﬁw ﬁv) ( )

This bound represents a complicated function of B,, Bw, and the relationship
between the allele frequencies at both sites.

Below is a summary of the situations in which each of the four easily interpretable
bounds apply. Bound 1, V,q,,, < (%)Vaw, applies when either (1) 70, w, — 1oy,0, < 0,
5v,w Z 0: and ,Bw S 0 or (2) 771)1@1 - 77‘(}1,'(00 > 0, (Sz),w S 0, and le Z 0. Bound 2,

Vg, < (%)Vav, applies when either (1) 170, 0w, — Hog,w; < 0, 60,0 > 0, and B, <0 0r

(2) oy 201 — Mgy = 0, Su < 0, and By > 0. Bound 4, Vg, < (%)Vav, applies when
elther (1) 77'00,100 - WU],ZUO S OI 5v,w Z OI and ,BZ) 2 O or (2) 77'00,600 - 712)],6()0 Z Or 5'(],?,0 S 0:
and B, < 0. Bound 5, Vg, < (%)Vaw, applies when either (1) 17y9,w, — Hog,w; < 0,
Opw > 0, and Bw > 0or Noo,wo — Nog,wy = 0, dpw <0, and Bw < 0.

For the twelve possible patterns of haplotypic effect sizes (given #y,w, < 1o;,10,)
shown in Table 3, we can determine which of the four bounds on V,,,, apply
by determining the signs of the subtraction of haplotypic effects (17o,w, — 70;,w,):
B, and By, using Equations 97 and 98, and the additive-by-additive deviation using
Equation 103.

Note that Cases 3, 4, 11, and 12 represent pathological scenarios in that they are
highly biologically implausible. To see this intuitively, imagine locus v and locus w
reside in two different cis-regulatory elements for the same target gene. For Cases
3 and 4, consider the example where 17,),w, = 70,0, < Nogw, = Noy,w,- THiS pattern
could correspond to both loci residing in enhancers and the rare allele (A7) at both
loci allowing for transcription factor binding to the enhancer. However, the ordering
of haplotypic effects in Cases 3 and 4 implies the very unlikely scenario in which no
functioning enhancers or two functioning enhancers result in the same amount of
expression of the target gene, while either functioning enhancer alone results in
expression greater than the amount yielded by both functioning enhancers. For
Cases 11 and 12, consider the example where 1y, w, = o0, < Howe = Hoy,w,- THIS
pattern could correspond to a model in which the rare alleles at both loci result
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in the creation of stop codons combined with nonsense mediated decay or some
other factor that completely silences expression of the haplotype. The ordering of
haplotypic effects in Cases 11 and 12 implies another very unlikely scenario, in which
either stop codon alone yields no expression, but an equal amount of expression
occurs with no or two stop codons. For the examples presented for these cases,
if the allele frequencies at both sites are equal (i.e., p = g = 1/2), we arrive at the
result that both single-locus additive variances are zero (8, = By = 0) and all of
the genetic variance in this two-locus system is interaction variance (Vg, , = Vaa, ).
Given this pathology, we will not further discuss these cases.

Table 3 Applicable bounds on V,,,, for all possible orderings of haplotypic effects. For
the signs of By, Bw, and &y, "+" reflects > 0 and "—" reflects < 0. Cases with "No bound" are
pathological - all of the genetic variance in the two-locus system could be interaction

variance.
Case Ordering of Haplotypic Effects Bo Buw So,w Bound

+ Vﬂﬂvw S min <ﬁ> Vﬂw' (l)vﬂv

1 Mog,wg < Mog,wy < Moy, < MNoq,wq + + — z: ZZ -
- Vagy, < min ( Vo ) Voo (ﬁ) Va,
+ Vi, < min[(2)Ve,, (22)Vs,

2 Nogwe < Noywg < Nogwy < Hoy,wy + + — Z: ZZ -
- Vaay, < min ( Vo ) Voo (ﬁ) Va,

3 Moo < Moy < Nogwy < Moy +/— +/— - No bound

4 Mog,wg < Moq,wq < Moy,w < Mog,wq +/— +/— - No bound

5 Nog,wg < Nogw; < Nojwy < Moy wy + +/— - Vaav,w < (%) Vay

6 Hog,wo < Moy, wo < Moy,w, < Hog,wy +— + - Vﬂﬂzv,w < (%)Vﬂz

7 Ny < Nogwy < Noywy < Hoy,wy + +/— + Vaaz,rw < (%)Vaz

8 Moq,wy < Mog,wg < Moo,y < MNoq,wq +/— + + VMV’W < (%)Vaw
+ Vﬂﬂv,w S min <%> Vﬂw' (ﬁ) Vﬂv

9 Mog,wq < Mog,wg < Moy ,wq < Moq,w + - T/ T =
_ Vaay,, < min (7)Vaw, <%)Vav
+ Vagy,, < min <*v> Vaws (M)Vuv

10 Movq,wg < Mog,wg < Moy ,wq < Mg, wq - + — Z: ;j:} -
- Vﬂ“v,w < min (H) Vaw' <qi) Vazr

" Nogw; < Noywg < Nogwy < Moy, +/— +/— + No bound

12 Moy, < Nogwy < Nogwy < Moy, +/— +/— + No bound

Our aim is to develop a bound that applies to all possible non-pathological
relationships among haplotypic effects. To do so, we now will consider the cases
which only have an applicable bound in terms of either V,, or V,,, (Cases 5, 6, 7, and
8). For Case 5, the bound is of the form V;,, , < (ZZ)VQU. For Case 6, the bound is of

the form Vg, , < (Z—Z)Vaw. As such, both cases can be bounded by the maximum of

the two individual bounds, Vg, ,, < max[(%) s (%)Vaw}. For Cases 7 and 8, we

can derive an additional bound on V,,, , in terms of V,, or V,, using the following.
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§ Case 7: Nvg,wy < Nvg,wo < Moy, wo < Noq,wq Vaay,w < (%)Vav
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1o, og,wy + €1- (146)
Nojwg = Moy + €1+ €2- (147)
Nojwy =  Woguwy T €1+ €2+ €3, (148)
Bo = Pw(or,wy = Mogwo) + Gw(Hoy,00 — o) (149)
= pw(e2) +qu(er +e2+€3). (150)
Bw = Po(Mogw, — Nogwy) + Go (Mo, — oy ,wp) (151)
= po(—€1) +qo(es). (152)
Vatge = 2PofoPwda(Toywy — oywy — Mooy + Mogawp)”  (153)
= 2pufopuiu(er +€3)° (154)
Vie = 2Pwquw(—poe1 + qoes)*. (155)
Vitgw < (p ”) Va, (156)
v
(€] +2e1e3 +€3) < prel + 2pufueres + qoe3 (157)
(90 — po) (€] + 2q0e163) < 0. (158)

; 14
Given that V,,,, < (q%)vav
minimum,

Vaay < min[(p
: o

§ Case 8: Moy, wo < Novg,wo < Novg,wq < Noq,wq Vaav,w < (%) Vuw

Moo, wo
Hvg,wy

Mo1,w,
Bo
,Bw

(qw — sz)(g% + 2qwe1€3)

Given that Vg, < (%)Vuw and Vi, ,

minimum,

IN

IN

<

Hoy,wy 1 €1-

Hoy,we + €1 + €2.
Noy,wy + €1+ €2 1+ €3.
Pw(—€1) + qu(es).

pv(sz) + qv(sl +ée+ 83).

2puGo P (€1 + €3)°.
2000 (—Pwtl + ques)>.

)
Juw

0.

and Vg, < (%)Vaw, Case 7 is bounded by their

o (2}

(159)

(160)
(161)
(162)
(163)
(164)
(165)
(166)

(167)

(168)

(%)Vav, Case 8 is bounded by their

Viay, < min[(p”’>v%, (’”’)Vaw}
’ Ju qo

(169)
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As such, across all possible orderings of haplotypic effects, the maximum possible
additive-by-additive interaction variance in our LD-independent framework is given

by
Vg, ,, < max [min[(pw> Vi (Pv> Vﬂw} , max {(‘77‘}) Vi, (%) Vuw} ] . (170)
' Gw Jo Pw Po

When both sites have rare minor alleles, V,,, can be very large relative to either of
the individual-site additive variances, because the minimum of KZZ)V%' (’;—;) Vﬂw}
is inversely proportional to the minor allele frequencies. The maximum of
K%)Vav, (%)Vaw} is likely to be larger than the minimum of K%)Vav, (%)Vaw}
only when both sites have alleles that are relatively common (both minor allele
frequencies approach 1/2). Thus, the widespread "intuition" that the interaction
effect is generally an order of magnitude or more smaller than the main effects
derives from considering only very common alleles. However, if either locus contains
an even moderately rare allele, the interaction can be considerably larger than the

main effects.

Since allele frequencies and V,, and V,,, at both loci can be determined by published
GWAS summary statistics, the maximum additive-by-additive interaction variance
that could potentially be harbored by any pair of sites can be determined from
published single-site properties.

4. Conclusions

In the two papers that comprise the third part of this series, we distinguish
interactions arising from correlations in state between factors from those arising
from non-additivity of independent factors. Genetic interactions in the form
of correlation in allelic state - departures from Hardy-Weinberg equilibrium,
linkage disequilibrium, population structure, and relatedness - are known to
occur commonly and are often accounted for in genetic studies [7]. In contrast,
non-additive interactions between uncorrelated markers at different genetic loci
(epistasis) is seldom considered in any serious way in most genetic studies.

We have demonstrated that non-additivity among independent factors does not
change individual effect sizes, but does increase the total variance. Interactions due
to non-additivity of uncorrelated factors cause differences in the residual variance
in phenotype between differing states of the same factor as well as differential
covariance patterns between phenotypes. A variety of tests for "latent” interactions
capitalize on this phenomenon by first detecting unequal residual phenotypic
variance (vQTLs) and/or differing covariance patterns between traits (covQTLs)
among genotype categories at a specific SNP and then prioritizing the identified
vQTLs/covQTLs for interaction testing (e.g., [8-10]).

Correlation in genotypic state between two individuals is a measure of the
relatedness of those individuals [7]. It is through this connection that we understand
GREML [25-27] and LD-score regression [24] approaches to estimating heritability.
GREML uses the correlation in genotypic state to estimate relatedness and thereby
heritability. In LD-score regression, relatedness among the individuals used to
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estimate genetic effects is replaced by an estimate of relatedness among other
samples used to estimate LD.

The problem of missing heritability (differences between estimates of heritability
in close versus distant relatives) for complex traits is contextualized as evidence
for the existence of some form of interaction(s). Fundamentally, since heritability
almost always appears to be larger when estimated from close relatives than when
estimated from distant ones, we must conclude that some form of interaction exists
that is captured in the close relatives but absent from distant ones. Unaccounted
for correlations in state are usually the form of interaction investigators ascribe to
causing missing heritability. These correlations in state might be between genotype
and an unobserved environmental factor, or between the phenotype of parents
(assortative mating, more often a manifestation of population structure as mate
choice is influenced by geography), or between the genotype of typed markers and
unobserved (likely rare) alleles contributing to phenotype. For example, correlation
in mate choice based on phenotype can induce correlation in genotypic state, which
can alter estimate of the variance components obtained from family-based studies
[47]. While all these forms of correlation in state could and likely do contribute to a
fraction of the missing heritability, we argue that even when these correlations in
state are well accounted for, there remains significant missing heritability.

One particular form of interaction which is rarely considered by investigators
is variance induced by departures from additivity of uncorrelated genotypes:
additive-by-additive variance. We considered evidence for higher-order additive-
by-additive interactions from both an empirical standpoint (linear mixed models in
samples of individuals with varying degrees of relatedness) [27,37] and a biological
perspective (cis-gene regulation). While data from linear mixed models that estimate
heritability in samples that contain a mixture of individuals with close or extended
relatedness such as GREML-KIN [27,37] are rarely interpreted as supporting the
existence of higher-order interactions, it is only because the authors assume these
interactions do not exist. If we do not assume a priori that such interactions do
not exist, these studies can be viewed as providing substantial evidence for the
existence of rampant additive-by-additive interactions. By exploring several models
of cis-gene regulation, we derive bounds on the maximum possible pairwise additive-
by-additive interaction variance in terms of the individual site allele frequencies and
additive effects. We demonstrate that the additive-by-additive interaction variance
can be considerably larger than the main effects when minor alleles are rare, given
that this maximum is inversely proportional to minor allele frequency for loci with
rare alleles.

Classical population genetic theory fundamentally assumes primarily additive
genetic variance. Given the pervasive evidence for multiple cis-regulatory elements
acting in concert to regulate individual target genes as well as enrichment of
disease-associated SNPs in non-coding regions of active chromatin [44], it is entirely
possible that much of the genetic variance for complex traits could be higher-
order non-additive interactions. Gibson (1996) used a mathematical model of cis-
acting variants impacting gene expression during Drosophila embryogenesis to
demonstrate that regulatory pathways naturally lead to epistatic and pleiotropic



Human Population Genetics and Genomics, 2025;5(4):0009 Page 35 of 40

effects. By altering the number of binding sites for an activator protein in
the hunchback promoter, Gibson demonstrated that the sharpest transcriptional
responses were produced by cooperative DNA-binding likely to involve at least five
or six binding sites for activator proteins [48]. In addition, genetic variance affecting
the first switch in a pathway (e.g., activation of hunchback) will tend to affect multiple
switches at the second level (e.g., targets of hunchback protein) unequally. This
quantitative derivation demonstrates the potential for non-additive interactions
between loci within binding sides of a promoter as well as between regulatory
molecules, highlighting that epistasis is a natural consequence of transcriptional
regulation [48]. Yengo and colleagues demonstrated that apparent linkage peaks
(i.e., sharing within families of genomic regions) can be due to the combined effects
of multiple loci that contribute additively or non-additively [49]. Recently, the LDSC
approach has been extended to capture pairwise interactions between nearby
variants, in addition to additive effects, using GWAS summary statistics [50]. The
proportion of genetic variance that appears to be explained by such interactions
ranged from 2 - 25% across 25 traits in the UK Biobank, with a mean of 17.6%
(0 =5.7%).

Although most hits in GWAS of complex traits implicate non-coding genetic variants
with putative regulatory effects, a large fraction of noncoding GWAS hits do not
colocalize with known expression quantitative trait loci (eQTLs). Mostafavi et al.
(2023) demonstrate that GWAS and eQTL studies are systematically biased toward
different types of variants, with selection shaping essential differences in what
these assays detect [51]. GWAS hits are variants that have measurable effects on
trait or disease and are thus biased toward functionally important genes that are
selectively constrained. eQTLs with large effects on constrained genes are purged
by selection, thus variants with relatively large effects on gene regulation tend to be
clustered near the transcription start site of genes that are typically depleted of most
functional annotations where selective constraint is low [51]. These observations
provide an explanation for why most GWAS hits are indeed cis-eQTLs, but many
have not yet been discovered in eQTL mapping. Approaching the question of "why
is there any genetic variation at all for traits that appear to be strictly deleterious?",
Hemani et al. (2013) build a series of two site interaction models under several
selection regimes. They show that selection is both less effective at eliminating
interaction variation from the population than it is in eliminating strictly additive
effects, and that the resulting population may have patterns of correlation between
interacting factors that could cause significant over-estimation of the total additive
effects [52].

It is likely that the common assumption that additive-by-additive interactions are
non-existent derives from a relatively small number of model system breeding
experiments, where differences in covariances across pedigrees can be used to
estimate higher-order interactions. Such analyses begin with the assumption that
the probability of sharing the additive-by-additive interaction at loci v and w is
the probability that an allele is shared at locus v times the probability that an
allele is shared locus w, and those probabilities are independent and both equal r.
Effectively this analysis assumes free recombination between loci v and w, and that
the covariance in phenotype between pairs of individuals (who are not full siblings)



Human Population Genetics and Genomics, 2025;5(4):0009 Page 36 of 40

is the familiar rV, + 1>V, + r3Viae. With the assumption of free recombination, the
covariance between half-siblings is thus modeled as V,,/4 + V3 /16 + Va0 /64 + ...+,
and between cousins as V,/8 + V,,,64 + V,4,/256 + ...+, such that the difference
between half-siblings and twice the cousin covariance is an estimate of V,,/32 +
Viaaa /128 + ...+. Breeding experiments that utilize this sort of design have generally
found little evidence for higher-order interactions (i.e., found that V,, /32 + V5, /128 +
..+ = 0), contributing to the widespread assumption that these interactions do not
significantly contribute to trait variation [53].

However, if these sites are physically near each other, because they are both cis-
regulators of the same gene, within megabases or less, there will be very little
chance for recombination between those sites in the few generations captured in
a pedigree. As such, when there is no recombination between nearby sites, the
probability of sharing alleles at both loci is the same as the probability of sharing an
allele at one, which is r. If, as proposed here, most or all of the additive-by-additive
interaction variance is induced by cis-regulation of genes by neighboring sites,
the covariance between any pair of moderately close relatives (close cousins or
nearer) is better modeled as rV, + rVu; + Vi + ...+, because there will be little to no
recombination between the interacting sites. If the additive-by-additive component
is driven by the cis-regulation of genes, the difference between half-siblings (V,/4 +
Viaa/4+ Viaaa /4 + ...4) and twice cousin covariance (2« [V, /8 + V4 /8 + Viga /8 + ... +])
should be zero. In our view, cis-regulation of genes induces additive-by-additive
interactions between neighboring sites regulating the same gene, and this effect
can be considerably larger than the additive variance, when the interacting sites are
rare. Classical breeding studies that estimated additive-by-additive variance have
disproven the existence of any significant component of unlinked interacting sites,
but are entirely consistent with the existence of neighboring sites which interact.

Because any pair of neighboring sites will have the same IBD pattern among
close relatives, classical breeding studies among close relatives are effectively
unable to detect interactions caused by cis-regulation. In other words, without
free recombination between sites, the additive effects and additive-by-additive
interactions are fundamentally indistinguishable in small pedigrees. Conversely,
methods to estimate heritability in samples of distant relatives (i.e., GREML) struggle
to estimate interaction components because r? is so low for "unrelated" individuals.
There are, however, some experimental designed capable of generating a range
of intermediate levels of sharing between pairs of sites to allow for estimation of
higher-order interactions. Young and Durbin utilize an experimental yeast cross to
estimate approximately 10% of the phenotypic variation on average across 46 traits
may be due to two-way additive-by-additive interactions, and up to 14% on average
from higher-order additive-by-additive interactions [54].

It is well-understood that unmodeled non-linearity, representing some combination
of non-additive effects and correlation in state between genetic or environmental
factors, contributes to the disparity in heritability estimates between family-based
studies, GREML, and PRS [55,56]. Modern GREML-KIN studies have provided strong
evidence for the existence of a substantial amount of interaction variance, but those
interactions have been attributed, we think falsely, to unaccounted for correlation
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in state, despite the fact that the simplest interpretation is that they are direct
estimates of the additive-by-additive component of variation induced by cis-acting
gene regulation. Non-additive interactions deriving from the cis-regulation of gene
expression have the potential to account for much of the missing heritability of
complex traits. A first step towards actively searching for such interactions is to not
assume them away. Itis plausible that a significant fraction of the missing heritability
is discoverable by systematic searching for additive-by-additive interactions.
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